The purpose of this paper is to study the modeling method for nonholonomic systems with friction by linear complementary problem (LCP). Firstly, the dynamic equation with multipliers for the nonholonomic system with friction is given. Secondly, a standard linear complementary model is established, which describes the normal and tangential characteristics for a nonholonomic system. Thirdly, by using LCP theory, a general criterion is obtained, which can identify the singularity induced by nonideal geometrical constraints in a nonholonomic system. By a typical example of a nonholonomic system with friction, it is revealed how the problem solving for the constraint reaction forces can be transformed into the standard linear complementary problem. The research work may provide reliable theoretical basis for the dynamical simulation of a nonholonomic system with non-smooth factors.
Introduction
Dynamics of nonholonomic systems [1] [2] [3] [4] has important engineering background in the fields of Aerospace, Vehicle, Robot and so on. The research work on the dynamics of nonholonomic systems has been mainly concentrated on the ideal systems, but some nonideal factors, such as friction, contact, cannot be ignored in practical engineering.
Klepp studied the dynamic problem of a bilateral constraint system with friction by a exhaustive method [5] . Pfeiffer introduced the dynamic problem of unilateral constraint systems into the frame of a linear complementary problem [6] . Wenli Yao established the linear complementary form for the instantaneous dynamics of the bilateral constraint systems with friction [7] . Fu Li studied the time-stepping method to solve the LCP in bilateral constraint systems with friction [8] . Painlevé noted that there existed singularity with multiple solutions or no solutions in contact problems of a rigid-body system with friction. Caishan Liu found a robotic example, in which even if the friction coefficient was not so large, the singularity may arise, and so the practical meaning to study the singularity is shown [9] . A good survey over dynamics of non-smooth systems was made [10] . In summary, only holonomic systems were referred to in the above research work.
This paper is focused on nonholonomic systems with friction. We will establish the dynamic equations of the nonholonomic systems with friction and introduce the dynamic problem of nonholonomic systems into the frame, in which the linear complementary problem is combined with differential equations. By LCP theory, we obtain the general criterion to predict the singularity existing in these kinds of systems. In the example presented in this paper, we show the process to model the dynamics of a nonholonomic system with friction by LCP and give the condition under which the singularity arises.
Dynamic equations of nonholonomic systems with friction
Consider a time-invariant constraint system modeled as N particles. The configuration can be determined by n independent generalized coordinates. Friction in m bilateral constraints cannot be ignored. When relieving these m constraints, we can choose n + m generalized coordinates q 1 , . . . , q n , . . . , q n+m . Meanwhile, the generalized velocities are subject to g first-order nonholonomic constraints, which are f k (q 1 , . . . , q n+m ,q 1 , . . . ,q n+m , t) = 0, k = 1, 2, . . . , g .
(1) Differentiating both sides of Eq. (1) and expressing it in matrix form yield 
Using the Routh equations, we can obtain the dynamical equations in the explicit form of generalized coordinates
where M ∈ R (n+m)×(n+m) is defined as a generalized mass matrix, h is the vector of applied forces that may be functions of generalized coordinates, velocities and time, λ N and λ T are the vectors of actual normal constraint forces and tangential friction forces, respectively, W
′ is the vector of Lagrange multipliers consistent with these nonholonomic constraints. Let g Nj and g Tj be the normal and tangential distance between the contact points of the relieved jth constraint, respectively, we have
Now there are n + 3m + g unknown quantities includingq, λ ′ and the normal and tangential forces. We need to increase 2m + g equations consistent with the nonholonomic constraints in order to solve for these unknown quantities.
Constrained equations of motion and complementary model

Complementary model of the normal constraints
The jth normal constraint with friction can be written as
Differentiating both sides of the above equation twice yields
where
2 .
In order to avoid the absolute value terms of unknown normal reaction forces in the expression of the tangential constraint forces, we decompose the tangential constraint forces into the following equations
Hence we can write the following complementary relation
Complementary model of the tangential constraints
Suppose that the tangential constraint is determined by Coulomb friction principle, that is
where µ j and µ ′ j are the dynamic and static friction coefficients, respectively. In order to express the tangential constraint as a complementary model, we introduce the definition of the friction differences. The positive and negative tangential differences are defined as, respectively
Decomposing the tangential acceleration into two parts, the positive and negative accelerations are given bÿ
The following complementary conditions for the positive acceleration, the positive friction difference, the negative acceleration and the negative friction difference are given bÿ
Standard linear complementary problem (LCP) of the system
The combinations of Eqs. (2)- (4) with the normal and tangential complementary conditions constitute the following standard linear complementary problem
where M 11 , M 12 , M 21 and M 22 are the sub-matrices of the matrix M , the dimensions of which are equal to the sub-matrices with the same position in its source matrix, respectively.
Existence and uniqueness of solutions solving for constraint forces
The basic problem solving for constraint forces may come down to the problem of the unique solution of the LCP. By LCP theory, we can obtain the following conclusion.
For each Λ, only when B * is a positive matrix, the system has a unique solution solving for constraint reaction forces, and the unique solution is λ = B −1
When B * has non-positive principal minors, there may exist a unique solution for some Λ, but there also exist no finite solutions or multiple solutions for other Λ, which is called singularity.
Example
As an application, we consider the system as shown in Fig. 1 . The slider A moves along a rough slideway and the ball B and the slider A are hinged by a massless rigid rod AB. The lengths of the two rods are expressed as 2l.
Let (x, y) be the coordinate of the slider A, θ 1 and θ 2 be the angles between the two rods and the vertical line, respectively.
The system is controlled by cos θ 1ẋA + lθ 2 = 0. Now we will show the process obtaining the LCP model for a concrete example as follows.
Since Coulomb friction at the slider A is considered, we select (x A , y A , θ 1 , θ 2 ) as the generalized coordinates of the system. These generalized coordinates are subject to constraint of the form
The system is also constrained by the holonomic constraint cos θ 1ẋA + lθ 2 = 0.
The kinetic energy of the system is:
− 3ml sin θ 1ẏAθ1 + ml cos θ 2ẋAθ2 − ml sin θ 2ẏAθ2 . Differentiating both sides of Eq. (11) with respect to time t yields cos θ 1ẍA + lθ 2 = sin θ 1θ1ẋA .
Then the problem solving for the constraint forces can be changed into the standard linear complementary problem (LCP) From Section 5, we can get the condition under which the unique solution exists. From the expression of B * , we know that when the friction coefficient and the configuration of the system satisfy certain conditions, the singularity will arise in the system. It shows that the singularity due to the coupling of friction and rigidity also exists in nonholonomic systems.
Conclusions
According to the method presented in this paper, the basic dynamical problem solving for constraint reaction forces in nonholonomic systems with friction can come down to a linear complementary problem (LCP). This problem involves nonsmooth factors, such as contact, friction and so on. The LCP model can avoid the traditional complex exhaustive method and introduce it into the frame of programming algorithm. By this LCP model, we can predict the singularity in the system.
The theory and algorithm avoiding the singularity in nonholonomic systems need to be further studied.
